INTRODUCTION
Number fields with the same zeta function are said to be arithmetically equivalent. Arithmetically equivalent fields share much of the same properties; for example, they have the same degrees, discriminants, number of both real and complex valuations, and prime decomposition laws (over Q). They also have isomorphic unit groups and determine the same normal closure over Q [7] . Strangely enough, it has been shown (for example [4] , or more recently [6] and [7] ) that this does not imply that arithmetically equivalent fields are isomorphic. Just recently [3] B. De Smit and R. Perlis showed that arithmetically equivalent fields do not even necessarily have the same class number.
In this short note we take this recent result of De Smit and Perlis, and a well-known fact from algebraic number theory and use them to show that the integral normset (that is, the set of integral norms from a ring of algebraic integers to Z) uniquely determines a larger class of extensions of Q than the splitting set does.
(In this paper, we use the standard convention that "equality of splitting sets" means that the symmetric difference is finite. That is to say, if X and Y are sets of prime ideals, then we say that they are equal if their symmetric difference is finite).
Good background information on the splitting set can be obtained in [1] or [5] , and information on the normset can be found in [2] .
THE SPLITTING SET AND THE NORMSET
In this paper, K and L will denote arithmetically equivalent field extensions of Q. We will denote the rings of integers as S and T respectively, and their normsets (with respect to Z) will be denoted by N S and N T . We recall that the splitting set of an extension (or its corresponding ring of integers) is the set of primes in the base field that have a degree-one factor in the extension. It is well-known that a normal extension of a number field F is determined uniquely among all finite extensions of F by its splitting set (see the exercise in Cassels and Frohlich [1] ). An easy corollary to this fact is that the normset also determines the field 1 extension in this case. To see this merely note that the splitting set is the set of primes in the base field that occur to the first power in the normset.
So in the case of Galois extensions, we see that much information is encoded in both the splitting set and the normset. Intuitively it would seem that in general, more information would be contained in the normset, and our main result will show that this is true. In fact, the examples given show that arithmetic equivalence does not imply (integral) normset equivalence, and integral normset equivalence does not imply that the fields in question are isomorphic. A consequence of this is that there are pairs of fields that can be distinguished by integral normset equivalence although they cannot be distinguished by the way that prime numbers split in the fields. Proof: These units were found in [3] using the computer system PARI, which lists them as fundamental units.
Proof of Theorem 2.1: Lemma 2.3 implies that α= 4 √ −15 is the unique (up to a unit factor) element of T of norm 225. If there is an element z∈T such that N(z)=15 then z 2 =uα, with u denoting a unit of T.
Therefore we have the equations:
Hence, we conclude that u 2 is a square in L (and of course 2 2n−1 u is also a square and is in T for n≥1).
Let P be the (unique) prime lying over the rational prime 5 in T. By Lemma 2.3, T/P is isomorphic to Z/5Z. So, reducing the units from Lemma 2.4 modulo 5 (and letting r be equivalent to 0), we see that all of the fundamental units are equivalent to ±1 mod 5. Therefore any unit of T times an odd power of 2 is equivalent to 2 or 3 mod 5 and is therefore a nonsquare mod 5. Hence . It is shown in [8] that both of these fields have class number 1. Hence the normsets of both fields are generated by the norms of all the primes, and since the prime decomposition laws are the same in arithmetically equivalent fields, these two fields must have identical normsets. REMARK 2.6: The results of this paper show that, in general, the normset is better at distinguishing nonisomorphic fields than the splitting set is. Example 2.5, however, dramatically points out the limitations of this approach. One would like to find "the best" large class of fields that are determined uniquely by their normsets. Because of the somewhat limited knowledge on the distribution of primes in the non-Galois case, a satisfactory answer to this question has still not been realized, even in the isomorphic class group case.
